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INTRODUCTION
By multiple options we mean contracts that give the right to buy or sell one of n assets at a predetermined price. Specifically, a call (put) option gives one party the right, against payment of a premium, to buy (sell) a given quantity of one of the n assets specified by or on a given date and at a predetermined price. This right can refer to the asset with the highest value (call or put on the maximum), to that with the lowest value (call or put on the minimum) or to an asset with an intermediate value (call or put on the second best, call or put on the third best, etc.).
If exercising the option involves no cost, an ordinary call option is equivalent to buying the underlying security for cash (the premium is paid when the contract is written) and taking deferred delivery (at the maturity of the contract), while at the maturity of a multiple option the buyer receives the security with the highest value (call on the maximum), that with the lowest value (call on the minimum) or one with an intermediate value, depending on the terms of the contract.
There are numerous financial market instruments, including currency option bonds, that involve the writing of multiple options and, more specifically, of options on the maximum or the minimum of more than one asset.
1 A description of this particular form of bond is followed by an outline of the formula put forward by Johnson for pricing multiple options on the maximum and of its adaptation to currency options.
After empirically testing the validity of the assumptions underlying the pricing model when the assets are represented by the exchange rates of the lira, we price call options on the maximum written on the dollar, the Deutschmark and the yen and carry out a simulation designed to replicate their value with a dynamically adjusted portfolio made up of the underlying currencies.
Lastly, we compare the results of two different strategies for choosing a multicurrency portfolio: the equal distribution method and the M.A.P. method, which replicates the payoff of a call option on the maximum with a zero exercise price.
MULTIPLE OPTIONS

Some basic relationships
The value c(S,X,T) of a call option with maturity T and exercise price X, written on the maximum of n assets whose current price is represented by the vector S (S i , con i = 1, ..., n), is given at maturity by:
Since at maturity the put-call parity for options on the maximum is given by c * max = p * max + S * max -X, it follows in general that: 
where r 0 is the risk-free interest rate. The relationship between the call option on the maximum and that on the minimum is given, in the case of two assets, by:
The relationship between the value of a call option on the maximum written on two assets with exercise price zero and the value c s (S 1 ,S 2 ,T) of an option to exchange one asset for another 2 is as follows:
Lastly, the relationship between a call option on the maximum and a compound option is given, in the case of two assets, by the following equation:
Currency option bonds
The holders of such securities can choose the currency in which to receive payments of interest and principal at exchange rates specified in the contract . Default-free currency option bonds are equivalent to portfolios made up of ordinary bonds and call options on the maximum written on n currencies. Consider, for example, a pure discount currency option bond with a face value of one that allows the buyer to choose at maturity between payment in lire, dollars, DMs and yens at predetermined exchange rates. At maturity the lira value of this bond, P * , will be equal to: the maximum return on the three currencies. This security is thus equivalent to a portfolio made up of a pure discount bond in lire and an at-the money call option on the maximum written on the returns of the three currencies.
If there is a default risk, the value at maturity of a pure discount currency option bond, with the currency option referring to the dollar, is given by 5 :
where V * is the value of the firm at maturity and S
The buyer of such a security thus acquires the firm and a call option on the dollar, while he sells a call option on the maximum between the value of the firm and the return on the dollar.
2 The value at maturity of an option that allows the exchange of the second security with the first is given by c * s = Max(S * 1 -S * 2 , 0). This option can be seen either as a call on the first security, with exercise price S 2 , , or as a put on the second, with exercise price S 1 . The put-call parity for this type of option is given by c s = p s + S 1 -S 2 . It should be noted that in the case of an ordinary European call option the buyer chooses at maturity whether to hold cash (by not exercising the option) or to buy the underlying security (by exercising the option). An ordinary call option can thus be seen as a particular case of an option for the exchange of a risk-free asset (cash) for a risky asset (the underlying security). 3 Multiple options differ from compound options. The latter refer to an asset that is itself an option; see Geske (1979) . It is possible to construct multiple compound options, written on n assets that are themselves ordinary options, as well as compound multiple options, written on an asset that is itself a multiple option. 4 These securities have been studied by Feiger and Jacquillat (1979); Walmsley (1988) also gives a number of examples. 5 It is assumed that the security is the firm's only liability.
The M.A.P. strategy of Fong and Vasicek
The aim of the Multiple Asset Performance (M.A.P.) strategy proposed by Fong and Vasicek (1989) is to achieve the highest return of those recorded by the chosen assets in the period considered, less a cost that is known a priori.
This objective can be expressed as follows:
where R map is the return of the M.A.P. portfolio, R max the highest return among the n assets considered and s the cost of the strategy.
The M.A.P. strategy is equivalent to the purchase of a call option on the maximum with exercise price zero. At maturity the buyer will receive the best-performing asset of the n considered. The value of the M.A.P. portfolio at maturity, c * , is thus equal to:
where the price of the assets at the start of the period has been adjusted so that S i =1 (i =1, 2, ..., n). The initial value, c, of a M.A.P. portfolio can be determined using Johnson's formula (cf. section 3.3), which gives the price of a call option on the maximum for n assets.
Equations (8) and (9) thus show that the annual opportunity-cost of the M.A.P. strategy followed for T years is equal to:
where δ * max is the (continuously compounded) annual yield distributed in the period (0, T) by the asset which S * max refers to. The opportunity cost of the strategy, which is known a priori only if δ * max = 0, depends on the number of assets considered, their riskiness, the correlation between each pair of assets and the time for which the investment is held. Specifically, it can be seen that the cost is an increasing function of the number of assets and their riskiness and a decreasing function of their correlation and the investment period.
Since the option described above is not available in the market, to implement a M.A.P. strategy, it is necessary to create a synthetic option by dynamically adjusting the shares of a portfolio that initially comprises all the n assets considered.
The shares, q i , are adjusted so that at every point in time the following condition is satisfied:
or, in other words, that the share of the i th asset in the portfolio is equal to the elasticity of the value of the option with respect to the current value, S i , of the i th asset. In particular, at the termination of the investment, the portfolio will consist entirely of the asset whose price has performed best over the investment period. 6 It is clear that using a M.A.P. strategy contrasts with the "static" diversification suggested by the theory of portfolio selection. At the end of the period the M.A.P. portfolio is not diversified, being made up by only one asset, while it is diversified immediately later when a new M.A.P. strategy is started. This has been called diversification across time.
Johnson's formula
The pricing of a multiple option is based on the construction of a hedge portfolio, made up of the underlying securities, that is partly financed by the issue of bonds free from the risk of default and dynamically adjusted so that at every point in time it replicates the features of the option itself. In order to prevent the possibility of arbitrage that would otherwise exist, in conflict with the assumption of efficient markets, the value of the option must be equal to that of a portfolio with these features.
Adjustments of the portfolio's shares associated with net disbursements are financed entirely at the risk-free interest rate, while those involving net receipts permit the partial repayment of outstanding debt. When the exercise price is zero, adjustments of the shares do not involve either disbursements or receipts.
If the option ends in the money, the portfolio that replicates it will consist entirely of the risky asset to which the right acquired refers, partly offset by pure discount bonds issued for a face value amount equal to the exercise price.
W. Margrabe (1978) was the first to attempt to price an option for the exchange of two risky assets 8 , while Stulz (1982) was the first to analyze the pricing of options on the maximum or the minimum of two risky assets. Johnson (1987) generalized the earlier results with an elegant solution to the problem of pricing options on the maximum or the minimum of n assets based on similar assumptions to those underlying the Black and Scholes formula (multivariate geometric Brownian motion, constant interest rate, perfect markets, etc.). In order to apply Johnson's formula to currency options, a number of modifications have to be made since it no longer appears appropriate to assume a zero convenience yield for the assets on which an option is written. 9 The price S i of the i th asset (i = 1, ..., n) therefore has to be replaced with S i e -r i T , i.e. with the value of S i discounted on the basis of the convenience yield (r i is the interest rate of the i th currency, assumed to be constant).
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We therefore have: 
where: N n (h 1 , h 2 , ...,h n , Σ i ) is the normal standardized multivariate distribution function, valued at the points h 1 , h 2 ,..., h n , with Σ i the matrix of the correlation coefficients; 
r i is the interest rate of the i th currency (i = 0, ..., n). If n = 1, this formula reduces to those of Biger and Hull (1983) , Garman and Kohlagen (1983) and Grabbe (1983) for the pricing of an ordinary currency call option.
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To determine the shares of the equivalent portfolio, it is necessary to know the elasticity of the value of the option with respect to the current value, S i , of the i th asset. In particular, we have
THE EXCHANGE RATE MARKET OF THE ITALIAN LIRA
Analysis of the data
The data used in this paper are the daily (average UIC) exchange rates of the lira against 18 foreign currencies between 9 February 1973 and 6 March 1990. Most of the computations were made, however, with reference only to the exchange rates against the US dollar, the Deutschmark and the yen. The data were first analyzed graphically to verify the validity of the assumption of geometric Brownian motion, upon which Johnson's formula is based.
Numerous empirical studies point to the non-normality of the rates of change of exchange rates.
12 In general, the distributions observed are biased towards the centre and the tails compared with normal distributions having the same mean and variance, thus revealing different degrees of leptocurtosis. These results were confirmed by the graphical analysis of the exchange rates of the lira.
The non-normality of the exchange rate of the lira against the DM is particularly striking (Figure 1 ). It can be attributed to the exchange rate agreements within the EMS and the related interventions of the monetary authorities, which normally results in changes grouped about zero with occasional abnormally large changes corresponding to realignments.
It is possible, however, that the distributions are normal, but only "locally", since the parameters are not stable over time. Table 1 and Figure 2 show the "performance cones", i.e. the extreme values of the rates of change of the lira exchange rates for different time horizons. 13, 14 As can be seen, as the time horizon shortens, the number of intervals decreases and the estimates converge towards the mean for the whole period. By contrast, Table 4 and Figure 3 show the series of the rates of change at 365 day intervals.
The assumption that the standard deviation of the rates of change is constant is one of the conditions implicit in the assumption of geometric Brownian motion upon which Johnson's formula rests. In practice, however, the volatility of exchange rates is not constant over time. This is well known, but does not prevent the Black and Scholes formula, or one of its extensions, from being widely used for the pricing of ordinary options. What is important is that the estimate of the volatility used for the pricing of an option is appropriate over its life.
When making such estimates, recourse can usefully be made to "volatility cones" (Table 2 and Figure 4 ) which represent the range of the historical volatilities for different time horizons.
15 Volatility cones thus give the range of the volatility observed in the past for intervals comparable to the lives of options. It is, in fact, desirable to estimate the volatility for an option with a maturity of T years on the basis of the volatility observed over intervals of equal length.
As can be seen, short-term volatility is historically much greater than that found in the medium and long term. In the case of the lira/dollar rate, which shows the widest range 16 , the fortnightly volatility goes from a minimum of zero to a maximum of 83 per cent on an annual basis. With yearly intervals, the minimum volatility is 1 per cent and the maximum 27 per cent. The range is narrower both for the yen (from 5 to 17 per cent) and for the DM (from 1 to 16 per cent). 13 The tables are given in the Appendix. 14 The period considered (from 9 February 1973 to 6 March 1990) has been divided into subperiods of a fortnight and multiples of a fortnight. The rates of change of the exchange rates of the lira have been calculated for each of the 340 fortnightly intervals and the minimum, mean and maximum values reported in Figure 2 . The process has been repeated for the 170 intervals of 30 days, and so on. 15 Burghardt and Lane (1990) used volatility cones to quantify the over-and undervaluation of ordinary options. 16 The volatility of the dollar reflects the events of 19 July 1985, when, just before a realignment of the lira within the EMS, the lira/dollar rate rose to 2,200 lire, an increase of 19.6 per cent compared with the previous day. Table 4 and Figure 5 give the series of standard deviations calculated at intervals of 365 days. As can be seen, there are three peaks of pronounced variability in 1976, 1981 and 1985 . Another condition implicit in the assumption of geometric brownian motion is that the correlation coefficient between the rates of change of pairs of currencies is constant. As for the standard deviations, these coefficients are not actually stable, but it is sufficient for the purpose of pricing a multiple option if the estimate used is appropriate over the life of the option. The correlation cones shown in Table 3 and Figure 6 could be of help in determining these estimates. However, the ranges observed in the past are often extremely wide and do not sufficiently narrow the spectrum of possible values. Restricting the analysis to the mean values found with yearly intervals, it can be seen that the dollar/yen, dollar/DM and yen/DM correlation coefficients are 0.3, -0.2 and 0.2 respectively.
The time series of correlation coefficients for pairs of currencies, calculated at intervals of 365 days, are shown in Table 4 and Figure 7 . The correlation between any pair of currencies is virtually equal to one in 1976-77, when the lira depreciated sharply against all of the three currencies in question. It can also be seen that the correlation between the dollar and the DM is generally negative, while that of the dollar against the yen is often highly positive.
Finally, Table 5 and Table 6 show the annual rates of change, standard deviations and correlation coefficients of 18 lira exchange rates for the period 1975-89 and three five-year subperiods. The information in these tables may be used in pricing multiple options on a diversified set of currencies.
Pricing multiple options on exchange rates of the lira
We have priced multiple options using Johnson's equation (described in section 2.4). It calls for the calculation of the area of a multivariate normal distribution. The program used here has been derived by that of Schervish (1984; 1985) .
The value of multiple options depends crucially on the variance-covariance matrix and, as discussed above, this matrix is not stable over time. Accordingly, the estimation of the parameters is particularly important. Table 7 shows the values of call options on the maximum written on two and three currencies with a zero exercise price. As can be seen, the values are considerably modified by changes in the variance-covariance matrix. For example, using the minimum and maximum standard deviations and correlation coefficients, the value of a call option on the maximum, with a zero exercise price and a maturity of 3 years, written on the dollar, the yen and the DM ranges from 84.50 to 99.40, with a mean of 89.79. In other words, on average the buyer of the option pays 89.79 lire now to have the possibility after three years of obtaining the product of 100 lire and the maximum return recorded by the three currencies over the three years.
17
The corresponding at the money options can be priced in the same way. Such options, which cost much less than those discussed above since an additional payment has to be made if they are exercised, allow the buyer to receive the currency that has appreciated most against the lira at maturity or not to exercise his right if the lira has appreciated against all the other currencies.
The value of at the money call options on the maximum written on two and three currencies is shown in Table 8 . The value of an option with a maturity of 3 years, written on the dollar, the yen and the DM ranges from 14.73 to 29.64 with a mean of 20.05. In other words, on average it is necessary to pay 20.05 lire now to have the possibility after three years of paying 100 lire to receive the product of 100 lire and the maximum return recorded by the three currencies over the three years 18 . Since there is no actual market for multiple options, anyone wishing to buy them would have to replicate their payoff with a dynamically adjusted portfolio made up of the underlying currencies. We now show, by means of a simulation, how it is possible to replicate a call option on the maximum, with a zero exercise price and a maturity of one year, written on the dollar, the yen and the DM.
The exchange rates used for the simulation are those observed in the period 30 December 1988 -29 December 1989. Under the hypothesis of perfect forecasting, the parameters used for pricing are those observed in the same period. In addition, we assumed the following interest rates for the dollar, the yen, the DM and the lira: 8, 6, 8 and 12 per cent respectively. 17 If the three-year lira rate (continuosly compounded) were 12 per cent, an investment of 89.79 lire would be worth 128.7 lire at the end of the three years. Reasoning ex post, the purchase of a call option on the maximum would be advantageous if the lira were to depreciate against one of the three currencies by at least 28.7 per cent over the period (8.8 per cent on an annual basis). To make a comparison, see Table 1 , which gives the minimum, mean and maximum percentage rates of change for intervals of 3 years for the three exchange rates in question. 18 By means of equation (2) it is possible to calculate the value of a put option on the maximum. It ends in the money only when the lira appreciates against all the other three currencies. Its value is virtually nil (0.03). Figure 8 shows the changes in 1989 in the index numbers (30 December 1988 = 100) for the exchange rates of the lira against the dollar, the DM and the yen. The dollar appreciated rapidly against the lira in the first half of the year, weakened slightly in July and then significantly from mid-October on, after the fall in share prices on Wall Street. Until mid-December the dollar was the currency that had appreciated most against the lira. At the end of the year, however, the DM occupied this position. By contrast, the yen depreciated continuously over the period and was 15 per cent down against the lira at the end of the year. Accordingly, the portfolio replicating the payoff of a call option on the maximum written on the dollar, the yen and the DM initially includes all three currencies, in fractions that depend on the variance-covariance matrix; the DM share, and to an even greater extent the yen share, then decline, with that of the dollar rising (Figure 9 ). In the last part of the year, as maturity approaches, the composition of the portfolio changes radically as a result of the paths followed by the dollar and the DM described above: the dollar share, which was over 90 per cent in September, drops to zero and is replaced by DMs. At the end of the period the portfolio thus consisted only of DMs, which had appreciated against the lira by 1.7 per cent (while the dollar had depreciated by 2.7 per cent).
Since the portfolio is required to replicate the payoff of a call option on the maximum with a zero exercise price, it is necessary that once the initial outlay has been made (corresponding to the payment of the option) there should be no further outlays (or receipts) until maturity. Consequently, the changes in the composition of the portfolio must be self-financing: the outlays needed to increase the dollar share must be offset by the proceeds of the sale of yens and DMs, just as the increase in the DM share towards the end of the year must be financed by sales of dollars and the interest earned on open positions. Figure 10 shows the cumulative cash flows (outlays and receipts) generated by the initial purchase of the portfolio and its subsequent adjustment, discounted to the date the investment was made. As can be seen, the total cash flow associated with the portfolio remains basically unchanged at the level corresponding to the initial investment, so that the subsequent adjustments to its composition, made on the basis of Johnson's equation, are in fact self-financing. 
The M.A.P. strategy for the selection of a multicurrency portfolio
We now compare the results obtained with two different strategies for choosing a multicurrency portfolio: the equal distribution method and the M.A.P. method, which replicates the payoff of a call option on the maximum and is described in section 2.2.
19 Table 9 shows the results the two strategies give over various time horizons (from one to five years). The parameters for determining the M.A.P. shares of the three currencies considered (the dollar, the DM and the yen) were estimated on the basis of the data observed in the period, of the same length as each investment period, preceding the start of the latter 20 . ; consequently only data available at the start of each investment period are used. However, it is important to note that the results depend to a significant extent on whether these estimates correspond or not with the actual values of the variance-covariance matrix for the time horizon in question.
In the case of an investment period of one year the M.A.P. method can be seen to have produced a higher average return (9.2 per cent, as against 7.1 per cent for the equal distribution method), but with a slightly higher standard deviation (12.7 per cent, as against 11.2 per cent). In ten of the fifteen years considered the M.A.P. return was higher than that obtained with the equal distribution method.
The M.A.P. method also gave better results for two-year investment periods: a higher average return (8.8 per cent, as against 7.5 per cent), with virtually the same standard deviation (9.7 per cent, as against 9.8 per cent).
On the other hand, the results for longer investment periods are ambiguous: the equal distribution method performed better over three and four years, while the M.A.P. method was better over five years.
One possible explanation of the less satisfactory results achieved with the M.A.P. strategy for three and four-year time horizons is the poor forecasting power of the estimates of the variancecovariance matrix in the later years. The standard deviations and correlation coefficients observed in the previous year (or two years) can be used with a fair degree of confidence to forecast those of the next year (or two years), but estimates based on longer horizons are less reliable.
It can also be seen from Table 9 that the effects on M.A.P. strategy determined by the subdivision of the investment period are not negligible; for example, different results can be achieved buying a call with a maturity of n years or buying n calls with a maturity of 1 year.
CONCLUSIONS
Even if there is no actual explicit market for multicurrency options, they are implicitly traded in connection with currency option bonds, which allow the holder to choose the currency in which to receive payment of principal and interest at predetermined exchange rates. The popularity of these securities on the Euromarket reveals the existence of a substantial demand.
The problem of pricing options on the maximum of several assets has been elegantly solved by Johnson (1987) . The equation he derived is a generalization of the more famous formula of Black and Scholes based on the assumption that the assets on which options are written follow a multivariate geometric Brownian motion.
It follows that the estimation of expected volatility is as crucial for multiple options as it is for ordinary options. In contrast with ordinary options, however, multiple options also require the expected correlation between the n assets to be estimated.
The analyses reported in this paper show that the standard deviations and correlation coefficients are far from stable over time in the case of the exchange rates of the lira. Consequently, using Johnson's equation, the problem of pricing multiple options becomes one of estimating volatilities and correlations. 19 It is assumed that interest rates are nil in order to focus on the effects of exchange rate changes. 20 This is why Table 9 does not contain figures for the first period of each M.A.P. investment plan. 12.31.1974 -12.29.1989) 1975-1979 1980-1984 1985-1989 1975-1989 Table 2 and Table 3 . The minimum values were calculated using the minimum standard deviations and the maximum correlation coefficients. The exercise price was put equal to zero. The interest rates of the dollar, the yen, the DM and the lira were taken to be 8, 6, 8 and 12 per cent respectively.
APPENDIX
2. Uncalculable values, owing to the variance-covariance matrix not being positive definite. 
